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Irreduible bilinear tensorial onomitants of an arbitrary omplex bivetor
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J. E. S. Bergman
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s, Uppsala Sweden
Irreduible bilinear tensorial onomitants of an arbitrary omplex antisymmetri valene-2 tensor
are derived in four-dimensional spaetime. In addition these bilinear onomitants are symmetri
(or antisymmetri), self-dual (or anti-self-dual), and hermitian forms in the antisymmetri tensor.
An important example of an antisymmetri valene-2 tensor, or bivetor, is the eletromagneti
eld strength tensor whih ordinarily is taken to be real-valued. In generalizing to omplex-valued
bivetors, the authors nd the hermitian form versions of the well-known eletromagneti salar in-
variants and stress-energy-momentum tensor, but also disover several novel tensors of total valene
2 and 4. These tensors have algebrai similarities to the Riemann, Weyl, and Rii tensors.
I. INTRODUCTION
Bilinear, or seond-order, onomitants of antisymmetri tensors of total valene 2, also known as bivetors, are of
fundamental importane in eletromagnetism and general relativity. In eletromagnetism, see [1℄, the eletromagneti
eld strength is desribed by the normally real-valued tensor of total valene-2
Fαβ =


0 −E1 −E2 E3
E1 0 −B3 B2
E2 B3 0 −B1
E3 −B2 B1 0

 α, β = 0, 1, 2, 3 (1)
whih is antisymmetri, that is, Fαβ = −F βα. All the bilinear tensorial onomitants of a real-valued Fαβ of total
valene two or less are well-known. They are: the two salars
L
(r)
+ =
1
4
FµνFνµ (2)
L
(r)
−
=
1
8
FµνFαβǫνµαβ , (3)
where ǫαβγδ is the Levi-Civita tensor in four dimensions (with ǫ0123 = −1), and the valene-2 tensor
Tαβ(r) = F
αµF βµ −
1
4
L
(r)
+ g
αβ
(4)
where gαβ is the metri tensor. In eletromagnetism, (2) is the Lagrangian density of the free eletromagneti eld
and (4) is the eletromagneti stress-energy-momentum tensor. In general relativity, the stress-energy-momentum
tensor plays a ruial role in the Einstein-Maxwell eletrova equations, see [2℄.
Usually bivetors are taken to be real-valued, and in this ase the bilinear onomitants L
(r)
+ , L
(r)
−
, Tαβ(r) are the
only possible onomitants tensors of total valene two or less. However, if we onsider the bivetor to be omplex-
valued, it is possible to onstrut an entirely new set of bilinear tensorial onomitants whih have previously not been
published. There are several reasons why one should onsider arbitrary omplex bivetors. For quantum radiation, the
eld strength operators of the eletromagneti eld are neessarily omplex and orrespond diretly to eletromagneti
eld observables, see [3℄; and also for lassial radiation it is onvenient to treat wave-like phenomena using omplex
eld variables, see [4℄. The imaginary part of the bivetor an, for instane, be onstruted by taking the Hilbert
transform of the real-valued elds, and the result is known as the analytial signal representation. We will, however,
not use any properties partiular to analyti signals, only that the bivetor is arbitrarily omplex. Curiously, the term
bivetor seems to have been originally used by Gibbs [5℄ to denote omplex-valued 3-vetors.
∗
Eletroni address: T.Carozzisussex.a.uk
2Thus the purpose of this paper is to explore the bilinear tensorial onomitants of an arbitrary omplex bivetor.
First, we onstrut a set of valene-4 tensor onomitants bilinear in Fαβ from whih all others an be reated through
appropriate linear ombinations and ontrations; these are ontrated to nd all tensors of total valene 2 and 0;
then we onstrut irreduible tensors for all valenes; and then ultimately we assemble a omplete set of irreduible
tensors. All these tensor are suh that they are hermitian forms in the bivetor, invariant up to a sign under a
duality transformation of the bivetor, either symmetri or antisymmetri, and irreduible. Thus by onstrution,
these tensors have properties that math those possessed by (2), (3), and (4). Although we are partiularly interested
in the onomitants of the Maxwell bivetor, we will keep the treatment general so it an be applied to any ovariant
omplex bivetor. Finally examining the onstruted irreduible bilinear tensor onomitants we nd that several of
them are ompletely novel.
This work is related to Olofsson [6℄ whih attempts to deompose valene-4 bilinear onomitants of omplex
bivetors. An alternative approah to onstruting bilinear onomitants of omplex bivetors using tensor alulus
as used here, is to use spinor alulus. A paper using a spinor approah is in preparation [7℄. The tensors onstruted
here are also indiretly related to the Riemann, Weyl, and Rii tensors, in that they share some algebrai properties.
II. CRITERIA FOR THE CONCOMITANTS AND BASIC ASSUMPTIONS
In what follows, we will onsider an arbitrary (in general not self-dual) ontravariant omplex bivetor Fαβ . That
is, we take Fαβ to fulll
Fαβ = −F βα, where Fαβ ∈ C (5)
for all α, β = 0, 1, 2, 3 (Greek indies run over 0,1,2,3 where 0 is the time-like dimension and the rest are spae-like).
A bivetor in spaetime an be onstruted from two 3-vetors: one being the spae-time part of the orresponding
valene-2 tensor, the other the time-spae part. That is, for any two omplex 3-vetors
E =(E1, E2, E3)
T
(6)
B =(B1, B2, B3)
T, (7)
where T denotes the transpose operator, the tensor
Fαβ =
(
0 −ET
E B×
)
(8)
is an arbitrary omplex bivetor, where B× = ǫijkBj and ǫijk is the Levi-Civita tensor in three dimensions (lowerase
itali letters i, j, k = 1, 2, 3 represent Cartesian omponents in 3-spae). A omplex bivetor is easily seen to have 12
real-valued degrees of freedom in general.
Sine Fαβ in general has an imaginary part and we wish to onstrut hermitian form onomitants, we need to
onsider the omplex onjugate of the bivetor. We denote the omplex onjugation of a tensor F¯αβ, and dene it as
F¯αβ := ℜ
{
Fαβ
}
− iℑ
{
Fαβ
}
, (9)
where ℜ{·} and ℑ{·} denote the real part and imaginary part respetively of its argument. Naturally, the omplex
onjugate of the bivetor is also antisymmetri so F¯αβ = −F¯ βα.
The (ontravariant) dual of Fαβ is dened as
∗Fαβ :=
1
2
ǫαβγδFµν =
1
2
ǫαβµνF
µν . (10)
If the dual is viewed as a transform mapping bivetors to bivetors, we an dene the duality transform to be
∗ : Fαβ 7→ ∗Fαβ , ∗Fαβ 7→ −Fαβ , F¯αβ 7→ ∗F¯αβ , ∗F¯αβ 7→ −F¯αβ , (11)
whih is equivalent to exhanging the bivetors 3-vetor omponents aording to E 7→ −B and B 7→ E.
As with real-valued bivetors, it is possible to onstrut from an arbitrary omplex bivetor a bivetor whih is
invariant up to a fator ±i under the duality transform, namely
−Fαβ =
(
Fαβ + i∗Fαβ
)
/2 (12)
+Fαβ =
(
Fαβ − i∗Fαβ
)
/2 (13)(
−F
)αβ
=
(
F¯αβ − i∗F¯αβ
)
/2 (14)(
+F
)αβ
=
(
F¯αβ + i∗F¯αβ
)
/2, (15)
3see [2℄. The + and − left supersripts denote the sign of the eigenvalue, +i or −i respetively, under the duality
transformation. Bivetors with eigenvalue +i under a duality transformation are alled self-dual and those with −i
are alled anti-self-dual. Compared to the ase of real bivetors there is one new self-dual bivetor, Eq. (14), and
one new anti-self-dual bivetor, Eq. (15). Note that ontrary to the ase of real Fαβ , the omplex onjugate of the
self-dual bivetor assoiated with a omplex Fαβ does not, in general, give the anti-self-dual nor vie-versa, that is(
+F
)αβ
6= −Fαβ and
(
−F
)αβ
6= +Fαβ .
To be lear, a tensorial onomitant of Fαβ is an algebrai ombination of Fαβ , gγδ, or ǫµναβ , possibly with
ontrated indies. A bilinear tensorial onomitant is a tensorial onomitant that is seond-order in Fαβ . Out of
the possible bilinear tensorial onomitants involving omplex bivetors we will only be interested in those that are
hermitian forms in Fαβ . By hermitian form we mean a bilinear form that is invariant under the multipliation of Fαβ
by an arbitrary phase fator, that is, a hermitian form in Fαβ is unaltered under the transformations
Fαβ 7→ exp(+iφ)Fαβ , F¯αβ 7→ exp(−iφ)F¯αβ . (16)
For example, tensors suh as F¯αβF γδ or F¯αβF γδǫγδµν are hermitian form tensorial onomitants in F
αβ
.
In addition, the onomitants we seek should be irreduible tensors. By irreduible tensor we mean that the tensor
annot be deomposed into tensors of lower total valene. For valene-2 tensors in four dimensional spae this means
that the tensor should be trae-free, that is, it should vanish when fully ontrated with the metri tensor
T µµ = 0. (17)
For valene-4 tensors in four dimensions, irreduibility means that the tensor should be trae-free over all pairs of
indies and in addition vanish when fully ontrated with the Levi-Civita tensor. Thus, for an arbitrary valene-4
tensor T αβγδ to be irreduible it must satisfy all of the following onditions
T µαβµ = T
αµβ
µ = T
α µβ
µ = T
α βµ
µ = T
αβ µ
µ = T
αβµ
µ = 0 (18)
ǫµναβT
µναβ = 0 (19)
ǫαµνγT
βµνγ = ǫαµνγT
µβνγ = ǫαµνγT
µνβγ = ǫαµνγT
µνγβ = 0. (20)
To be preise, the tensors we seek are atually real-irreduible tensors or Cartesian tensors as they are sometimes
known, see [8℄. By this we mean that the tensors fulll the irreduibility onditions above and that their basis vetors
are real-valued. In what follows, we will sometimes simply use the term irreduible tensor sine we will not be
dealing with omplex base vetors, or spherial tensors as they are also known.
In addition to the above mentioned riteria, the sought after tensorial onomitants should also be either symmetri
or antisymmetri.
Let us reapitulate the objetive of this paper: we seek bilinear onomitants of an arbitrary omplex bivetor Fαβ
that are
• hermitian forms in the omponents of Fαβ : invariant under (16),
• (anti)-self-dual: invariant up to sign under (11),
• symmetri or anti-symmetri,
• irreduible: fullling either (17) or (18), (19), (20).
These onditions have been hosen so that the onstruted bilinear onomitants of omplex Fαβ are onsistent with
the properties possessed by the well-known bilinear onomitants of real Fαβ .
Our plan on how to onstrut the onomitants is as follows: we take all possible hermitian form outer produts of
the four self-dual tensors,
−Fγδ,
+Fγδ, (−F)αβ and (
+F)αβ , whih onstitute all possible valene-4 tensor ombinations;
from these tensors we take all possible ontrations over two indies to obtain all valene-2 onomitants; and then
we ontrated over the nally pair of indies to obtain all the salar onomitants. From these tensors of total valene
0, 2, and 4 we onstrut irreduible tensors whih are nally assembled into an irreduible tensorial set.
As for the metri, we assume throughout that the metri tensor is real-valued and symmetri and that in a loal
oordinate system the metri an be set to the Lorentzian metri for whih gαβ = diag(+1,−1,−1,−1).
4III. HERMITIAN FORM SELF DUAL CONCOMITANTS OF VALENCE FOUR
We seek to onstrut bilinear onomitants of the omplex bivetor Fαβ whih are hermitian forms and are invariant
up to a sign under the duality transformation of the bivetor. To this end we take all bilinear ombinations of the
omplex onjugate self-dual bivetors (−F)αβ and (
+F)αβ with the self-dual bivetors
−Fγδ and
+Fγδ. This gives the
four ombinations
4(−F)αβ
−Fγδ =F¯αβFγδ +
∗F¯αβ
∗Fγδ + i
(
F¯αβ
∗Fγδ −
∗F¯αβFγδ
)
(21)
4(+F)αβ
+Fγδ =F¯αβFγδ +
∗F¯αβ
∗Fγδ − i
(
F¯αβ
∗Fγδ −
∗F¯αβFγδ
)
(22)
4(−F)αβ
+Fγδ =F¯αβFγδ −
∗F¯αβ
∗Fγδ − i
(
F¯αβ
∗Fγδ +
∗F¯αβFγδ
)
(23)
4(+F)αβ
−Fγδ =F¯αβFγδ −
∗F¯αβ
∗Fγδ + i
(
F¯αβ
∗Fγδ +
∗F¯αβFαδ
)
. (24)
These are all tensors of valene-4, self-dual, and manifestly hermitian forms.
However, in order to simplify the proeeding and ultimately obtain the omplex analogs of the well known bilinear
onomitants of real-valued bivetors, we instead take quantities proportional to the sum and dierene of (21) and
(22), and proportional to the sum and dierene of (23) and (24). Speially, we introdue the following four tensors
T ′αβγδ :=(
−F)αβ
−Fγδ + (+F)αβ
+Fγδ =
(
F¯αβFγδ +
∗F¯αβ
∗Fγδ
)
/2 (25)
Q′αβγδ :=(
−F)αβ
−Fγδ − (+F)αβ
+Fγδ = i
(
F¯αβ
∗Fγδ −
∗F¯αβFγδ
)
/2 (26)
D′αβγδ :=(
−F)αβ
+Fγδ + (+F)αβ
−Fγδ =
(
F¯αβFγδ −
∗F¯αβ
∗Fγδ
)
/2 (27)
X ′αβγδ :=i
(
(−F)αβ
+Fγδ − (+F)αβ
−Fγδ
)
=
(
F¯αβ
∗Fγδ +
∗F¯αβFγδ
)
/2. (28)
These valene-4 tensors an be expressed in terms of the two 3-vetor omponents of the bivetor, E and B, by
using so-alled bivetor indexing, see [9℄. A bivetor index is denoted with upperase roman letters A and B whih
run through values 1 to 6. FA is used to represent the tensor omponent Fαβ where the index mapping A ↔ [αβ]
is taken to be 1 ↔ [10], 2 ↔ [20] , 3 ↔ [30], 4 ↔ [32], 5 ↔ [13], 6 ↔ [21]. This maps the valene-2 antisymmetri
tensor, as given in (8), aording to
Fαβ =
(
0 −ET
E B×
)
↔
(
E
B
)
= FA (29)
where the vetor with six omponents on the left-hand side, FA, is known as a sixtor, see [10℄. The valene-4 tensors
an therefore be written in terms of the two 3-vetors (6) and (7) using the matries
T ′αβγδ ↔T ′AB =
1
2
(
E¯⊗E+ B¯⊗B E¯⊗B− B¯⊗E
−
(
E¯⊗B− B¯⊗E
)
E¯⊗ E+ B¯⊗B
)
(30)
Q′αβγδ ↔Q′AB =
i
2
(
−
(
E¯⊗B− B¯⊗E
)
E¯⊗E+ B¯⊗B
−
(
E¯⊗E+ B¯⊗B
)
−
(
E¯⊗B− B¯⊗E
) )
(31)
D′αβγδ ↔D′AB =
1
2
(
E¯⊗E− B¯⊗B E¯⊗B+ B¯⊗E
E¯⊗B+ B¯⊗E −
(
E¯⊗E− B¯⊗B
) )
(32)
X ′αβγδ ↔X ′AB =
1
2
(
−
(
E¯⊗B+ B¯⊗E
)
E¯⊗E− B¯⊗B
E¯⊗E−B⊗B E¯⊗B+ B¯⊗E
)
(33)
where E¯ ⊗ E = E¯iEj is the outer or tensor produt between E¯ and E. As is lear from these sixtor matries, the
four valene-4 tensors T ′αβγδ, Q′αβγδ, D′αβγδ, and X ′αβγδ together represent all hermitian forms of valene-4 in the
omponents of the bivetor. Eah of these tensors has 18 independent omponents. In fat, the tensor pair T ′αβγδ and
Q′αβγδ or the pair D′αβγδ and X ′αβγδ on their own onstitute an independent and omplete set of 36 hermitian forms
5in the omponents of the omplex bivetor ounting real and imaginary parts separately. This orresponds to the 36
possible hermitian forms in the omponents of the omplex bivetor ounting real and imaginary parts separately.
The tensors dened above, T ′αβγδ, Q′αβγδ, D′αβγδ, X ′αβγδ, all have the following properties
T ′αβγδ = −T ′βαγδ = −T ′αβδγ = T ′βαδγ (34)
T ′αβγδ = T¯ ′γδαβ (35)
where we have used T ′αβγδ as an example for any of the four tensors.
IV. VALENCE TWO CONCOMITANTS OF SELF DUAL BIVECTORS
Having derived the general valene-4 tensors, we an now onstrut valene-2 tensors by simply ontrating the
valene-4 tensors over pairs of indies. Six suh ontrations are possible, but from the symmetry relations (34) it is
lear that the ontration between the indies (1,4), (2,3), (1,3), and (2,4) are all the same up to a sign. Furthermore,
the ontration between indies (1,2) and (3,4) are zero. Therefore the all non-vanishing ontrations are, up to a
sign, given by
Tαβ :=T ′αµνβgµν =
(
F¯αµF
µβ + ∗F¯αµ
∗Fµβ
)
/2 (36)
Qαβ :=Q′αµνβgµν = i
(
F¯αµ
∗Fµβ − ∗F¯αµF
µβ
)
/2 (37)
D′αβ :=D′αµνβgµν =
(
F¯αµF
µβ − ∗F¯αµ
∗Fµβ
)
/2 (38)
X ′αβ :=X ′αµνβgµν =
(
F¯αµ
∗Fµβ + ∗F¯αµF
µβ
)
/2. (39)
All these tensors have total valene two. Furthermore, Tαβ and Qαβ are symmetri,
Tαβ =T βα (40)
Qαβ =Qβα, (41)
real-valued
ℑ
{
Tαβ
}
=0 (42)
ℑ
{
Qαβ
}
=0 (43)
and trae-free as will be shown in the next setion. D′αβ and X ′αβ, on the other hand, are neither symmetri nor
antisymmetri, have both real and imaginary parts, and have are not trae-free. Hene Tαβ and Qαβ irreduible while
D′αβ and X ′αβ are not. This is the reason for the prime aents (′) on D′αβ and X ′αβ: they mark the fat that these
tensors are not irreduible.
In a loal oordinate system, we an set the metri tensor to be Lorentzian. In this ase the two valene-2 tensors
Tαβ and Qαβ an be written in terms of the two omplex 3-vetor omponents of the bivetor as follows
T 00 =
(
|E|2 + |B|2
)
/2 (44)
T i0 =ℜ
{
E¯×B
}
(45)
T ij =−ℜ
{
E¯⊗E+ B¯⊗B
}
+ T 0013 (46)
T ji =T ij (47)
Q00 =ℑ
{
E¯ ·B
}
(48)
Qi0 =
i
2
(
E¯×E+ B¯×B
)
(49)
Qij =−ℑ
{
E¯⊗B− B¯⊗E
}
+Q0013 (50)
Qji =Qij (51)
where 13 is the unity valene-2 tensor in 3-spae.
6Physially, if we take Fαβ to be the eletromagneti eld strength tensor, then the symmetri tensor Tαβ/4π an
be interpreted as the hermitian form generalization of the stress-energy-momentum tensor in Gaussian units, see [1℄.
Parts of this hermitian generalization an be found in the time-harmoni analysis of eletromagneti energy suh as
in the omplex Poynting theorem, see [1℄. The other valene-2 tensors lak, as yet, a spei physial interpretation.
Having said that, the real-valued 3-vetor in the time-spae omponents of Qαβ , namely Qi0 = i2
(
E¯× E+ B¯×B
)
,
is proportional to the vetor mentioned in the beginning of Lipkin [11℄ and related to the vetor dened in equation
(17) in Carozzi [12℄. Based on this relationship one an argue that Qαβ is the spin-weighted stress-energy-momentum
tensor of the eletromagneti eld.
V. SCALAR CONCOMITANTS
The valene-0, or salar, onomitants an now be found by ontrating the valene-2 tensors. Of the two possible
ways of ontrating both are the same sine we are assuming the metri tensor is symmetri. Thus all possible traes
are given by
0 =T µνgµν =
(
F¯µνF
νµ + ∗F¯µν
∗F νµ
)
/2 (52)
0 =Qµνgµν = i
(
F¯µν
∗F νµ − ∗F¯µνF
νµ
)
/2 (53)
L+ =D
′µνgµν/4 =
(
F¯µνF
νµ − ∗F¯µν
∗F νµ
)
/2 (54)
L− =X
′µνgµν/4 =
(
F¯µν
∗F νµ + ∗F¯µνF
νµ
)
/2. (55)
Thus, the tensors Tαβ and Qαβ are trae-free while the trae of D′αβ and X ′αβ leads to two salars whih are the
hermitian form generalization of the well-known salar invariants, (2) and (3).
In a loal oordinate system the two salars L+ and L− an be written in terms of the 3-vetor omponents of the
bivetor as follows
L+ =
(
|E|2 − |B|2
)
/2 (56)
L− =−ℜ
{
E¯ ·B
}
. (57)
When the bivetor represents a omplex-valued eletromagneti eld, L+/4π is the hermitian form generalization of
the at vauum eletromagneti eld Lagrangian density in Gaussian units and L− is the hermitian form version of the
pseudo-salar invariant of the eletromagneti eld in at spaetime. Their subsript sign indiates their eigenvalue
under the duality transformation whih is either +1 or −1.
VI. IRREDUCIBLE CONCOMITANTS OF VALENCE TWO
As mentioned in the previous setion, the tensors Tαβ and Qαβ are irreduible while the tensors D′αβ and X ′αβ
are not. A new pair of tensor an be onstruted in whih the trae of D′αβ and X ′αβ is removed
Dαβ :=− i
(
D′αβ − L+g
αβ
)
(58)
Xαβ :=− i
(
X ′αβ − L−g
αβ
)
. (59)
Obviously they are trae-free by onstrution,
Dµµ =0 (60)
Xµµ =0, (61)
soDαβ and Xαβ are irreduible tensors of total valene two. The tensorsDαβ and Xαβ are also equal to the imaginary
parts of D′αβ and X ′αβ respetively, that is
Dαβ =ℑ
{
D′αβ
}
(62)
Xαβ =ℑ
{
X ′αβ
}
. (63)
7and so Dαβ and Xαβ are purely real,
ℑ
{
Dαβ
}
=0 (64)
ℑ
{
Xαβ
}
=0. (65)
However, in ontrast to Tαβ and Qαβ whih are symmetri, Dαβ and Xαβ are antisymmetri,
Dαβ =−Dβα (66)
Xαβ =−Xβα. (67)
Furthermore, Dαβ and Xαβ are mutually dual, that is
∗Dαβ = +Xαβ, ∗Xαβ = −Dαβ (68)
while Tαβ and Qαβ are not mutually dual. In fat, their duals are zero,
∗Tαβ =0 (69)
∗Qαβ =0. (70)
In a loal, Lorentzian metri, oordinate system, the omponents of Dαβ and Xαβ are
D00 =0 (71)
Di0 =−ℑ
{
E¯×B
}
(72)
Dij =−ℑ
{
E¯⊗E− B¯⊗B
}
= −
i
2
(
E¯×E− B¯×B
)
× (73)
Dji =−Dij (74)
X00 =0 (75)
X i0 =
i
2
(
E¯×E− B¯×B
)
(76)
X ij =ℑ
{
E¯⊗B+ B¯⊗E
}
=
i
2
(
E¯×B−E× B¯
)
× (77)
Xji =−X ij (78)
where we have used the 3-vetor omponents of Fαβ . Being mutually dual means that Dαβ and Xαβ together ontain
the same information as the two real 3-vetors ℑ
{
E¯×B
}
and i
(
E¯×E− B¯×B
)
/2. The vetor ℑ
{
E¯×B
}
is
reognized to be proportional to the imaginary part of the omplex Poynting vetor, see [1℄.
VII. IRREDUCIBLE CONCOMITANTS OF VALENCE FOUR
The two tensors, T ′αβγδ and Q′αβγδ are ompletely reduible as follows
T ′αβγδ =2T [α[δgγ]β] −
i
4
(
Tαµǫ βγδµ − T
βµǫ βγδαµ − T
γµǫ δαβµ + T
δµǫ αβγµ
)
(79)
Q′αβγδ =2Q[α[δgγ]β] −
i
4
(
Qαµǫ βγδµ −Q
βµǫ βγδαµ −Q
γµǫ δαβµ +Q
δµǫ αβγµ
)
, (80)
where we are using the usual square braket notation for indies to denote antisymmetrization over the enlosed
indies (e.g. Tα[δgγ]β = 12
(
Tαδgγβ − Tαγgδβ
)
) and employing the rule that nested brakets are not operated on by
enlosing brakets (e.g. T [α[δgγ]β] = 14
(
Tαδgγβ − Tαγgδβ − T βδgγα + T βγgδα
)
).
The other two tensors, D′αβγδ and X ′αβγδ, are however not ompletely reduible. So from them we an onstrut
two new valene-4 tensors
Dαβγδ :=D′αβγδ − 2iD[α[δgγ]β] −
2
3
L+g
α[δgγ]β −
1
3
L−ǫ
αβγδ
(81)
Xαβγδ :=X ′αβγδ − 2iX [α[δgγ]β] −
2
3
L−g
α[δgγ]β +
1
3
L+ǫ
αβγδ
(82)
8Table I: Summary of a omplete set of irreduible tensors. The heading No. indep. omp. stands for number of independent
omponents . Note that the quantities in parentheses are alternatives elements of the set.
Conomitant Total valene No. indep. omp.
L+ 0 1
L− 0 1
Tαβ 2 9
iQαβ 2 9
iDαβ (or iXαβ ) 2 6
Dαβγδ(or Xαβγδ ) 4 10
both of whih fulll (18), (19), and (20) and are therefore irreduible. Both Dαβγδ and Xαβγδ are real. They are,
however, not independent of eah other; in fat
Xαβγδ =
1
2
ǫαβµνD
µνγδ, Dαβγδ =
1
2
ǫαβµνX
µνγδ, (83)
that is, they are mutually dual over their two leftmost indies.
In a loal, Lorentzian metri, oordinate system, the omponents of Dαβγδ and Xαβγδ are
Dαβγδ ↔DAB =
1
2
(
ℜ
{
E¯⊗E− B¯⊗B
}
− 23L+13 ℜ
{
E¯⊗B+ B¯⊗E
}
− 23L−13
ℜ
{
E¯⊗B+ B¯⊗E
}
− 23L−13 −ℜ
{
E¯⊗E− B¯⊗B
}
+ 23L+13
)
(84)
Xαβγδ ↔XAB =
1
2
(
−ℜ
{
E¯⊗B+ B¯⊗E
}
+ 23L−13 ℜ
{
E¯⊗E− B¯⊗B
}
− 23L+13
ℜ
{
E¯⊗E− B¯⊗B
}
− 23L+13 ℜ
{
E¯⊗B+ B¯⊗E
}
− 23L−13
)
(85)
when expressed in bivetor indexing.
VIII. IRREDUCIBLE TENSORIAL SET
The irreduible tensors onstruted in the previous setion an be assembled into an real-irreduible tensorial set in
the same spirit as Fano and Raah [8℄. Suh a set is given in Table I. They fulll all the riteria itemized in Setion
II.
The tensors in Table I form a omplete set by whih we mean that any ovariant hermitian form tensor onomitant
of Fαβ an be written as linear ombinations (inluding arbitrary ontrations) of gαβ , gαβgγδ, ǫαβγδ, and the set
of tensors in Table I. In terms of the number of independent omponents, the tensors in the table onstitute 36
independent omponents in total. This is exatly the number of unique bilinear ombinations possible from the 6
omplex omponents of the bivetor if both real and imaginary parts are ounted separately. In the real-valued bivetor
ase, there are only 21 seond-order ombinations possible in total. This mathes the total number of independent
omponents in the set: L+, L−, T
αβ
, Dαβγδ (or Xαβγδ).
Note that a omplete irreduible set of tensors bilinear in Fαβ is not entirely unique. This is beause, tensor Dαβ
is isomorphi with Xαβ (its dual) and Dαβγδ is isomorphi with Xαβγδ, that is, either Xαβ or Xαβγδ ould be used
in plae of Dαβ or Dαβγδ respetively. Therefore the omplete irreduible tensorial set in Table I is but one out of
four of suh sets possible.
We have throughout assumed that Fαβ is an arbitrary omplex bivetor. If Fαβ were real, then iQαβ, iDαβ , iXαβ
are all zero; in other words, all the tensors in the Table with oeient i vanish in the ordinary ase of real-valued
bivetors, leaving only L+, L−, T
αβ
, Dαβγδ, Xαβγδ. Thus the existene of iQαβ, iDαβ , iXαβ is a diret onsequene
of the fat that an arbitrary omplex Fαβ an have an imaginary part.
IX. CONCLUSION
We have derived a omplete set of irreduible tensorial onomitants that are bilinear in an arbitrary omplex
bivetor. The set is summarized in Table I. The tensors in the set are all hermitian forms in the omplex bivetor
Fαβ and invariant, up to a sign, under the duality transformation of the bivetor. That the valene-2 tensors are
irreduible is equivalent them being trae-free, see Eq. (17), and that the valene-4 tensors are irreduible is equivalent
to saying that they simultaneously fulll the onditions (18), (19), and (20).
Of the tensors in the Table, L+,L−,T
αβ
are all hermitian form generalizations of previously known bilinear on-
omitants. All other tensors are, as far as the authors are aware, novel.
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